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LOCALLY HOMOGENEOUS TRIPLES. EXTENSION THEOREMS
FOR PARALLEL SECTIONS AND PARALLEL BUNDLE
ISOMORPHISMS
ARASH BAZDAR
Abstract. Let M be a differentiable manifold and K a Lie group. A locally
homogeneous triple with structure group K on M is a triple (g, P
p
→ M,A),
where p : P → M is a principal K-bundle on M , g is Riemannian metric
on M , and A is connection on P such that the following locally homogeneity
condition is satisfied: for every two points x, x′ ∈M there exists an isometry
ϕ : U → U ′ between open neighbourhoods U ∋ x, U ′ ∋ x′ with ϕ(x) = x′, and
a ϕ-covering bundle isomorphism Φ : PU → PU′ such that Φ
∗(AU′ ) = AU . If
(g, P
p
→ M,A) is a locally homogeneous triple on M , one can endow the total
space P with a locally homogeneous Riemannian metric such that p becomes a
Riemannian submersion and K acts by isometries. Therefore the classification
of locally homogeneous triples on a given manifoldM is an important problem:
it gives an interesting class of geometric manifolds which are fibre bundles over
M .
In this article we will prove a classification theorem for locally homogeneous
triples. We will use this result in a future article in order to describe explicitly
moduli spaces of locally homogeneous triples on Riemann surfaces.
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1. Introduction
1.1. The problem. Let M be a smooth manifold and K a Lie group. A locally
homogeneous triple with structure group K onM is a triple (g, P
p
−→ M,A), where
p : P →M is a principal K-bundle on M , g is Riemannian metric on M , and A is
connection on P such that the following locally homogeneity condition is satisfied:
for every two points x, x′ ∈ M there exists an isometry ϕ : U → U ′ between
open neighbourhoods U ∋ x, U ′ ∋ x′ with ϕ(x) = x′, and a ϕ-covering bundle
isomorphism Φ : PU → PU ′ such that Φ
∗(AU ′ ) = AU . In these formulae, for an
open set U ⊂ M , we use the subscript U to denote the restriction of the indicated
objects to U .
If (g, P
p
−→ M,A) is a locally homogeneous triple onM , one can endow the total
space P with a locally homogeneous Riemannian metric such that p becomes a
Riemannian submersion and K acts by isometries. Therefore the classification of
locally homogeneous triples on a given manifold M is an important problem: it
gives an interesting class of geometric manifolds which are fibre bundles over M .
In this article we will prove a classification theorem for locally homogeneous
triples. We will use this result in a future article in order to describe explicitly the
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moduli spaces of locally homogeneous triples with structure group K = SU(2) and
K = PU(2) on a Riemann surface [BaTe].
We use the following general natural idea: reduce the classification of a class
of locally homogeneous objects on M to the classification of a class of (globally)
homogeneous objects on the universal cover M˜ . Suppose for instance that M is
compact, and g is a locally homogeneous Riemannian metric on M . Then the
induced metric g˜ on M˜ will be locally homogeneous and complete, hence homoge-
neous by a well-known theorem of Singer [Si]. Therefore, using the correspondence
g 7→ g˜, the classification of locally homogeneous Riemannian metrics g on M re-
duces to the classification of homogeneous metrics g˜ on M˜ for which the isometry
group Iso(M˜, g˜) contains the covering transformation group of the universal cover
M˜ →M . We will prove a similar result for locally homogeneous triples.
1.2. Locally homogeneous triples and homogeneous connections. Let (N, h)
be a Riemannian manifold, and let G ⊂ Iso(N, h) be a connected, closed subgroup
of the group Iso(N, h) of isometries of (N, h). Let q : Q → N be a principal
K-bundle on N . The group of G-covering bundle isomorphisms of Q is defined by
GG(Q) := {(Φ, ϕ)| ϕ ∈ G, Φ : Q→ Q is a ϕ-covering bundle isomorphism}.
The group GG(Q) has a natural topology (induced by the weak C
∞-topology [Hi,
section 2.1]), and fits in the short exact sequence
{1} → G(Q)→ GG(Q)
p
−→ G→ {1},
where G(Q) is the gauge group of Q [DK], [Te], i.e. the group of id-covering bundle
automorphisms of Q. Let now Γ ⊂ G be a subgroup of G acting properly discon-
tinuously on N . The quotientM := N/Γ comes with a natural Riemannian metric,
such that the canonical projection pi : N →M becomes a locally isometric covering
projection. Denote by g this Riemannian metric on M induced by h via pi.
Suppose now the group epimorphism p−1(Γ) → Γ has a right inverse, i.e. that
there exists a group morphism j : Γ→ GG(Q) such that p◦ j = ιΓ, where ιΓ : Γ→ G
is the inclusion monomorphism. If this is the case, we will obtain the commutative
diagram
(1)
{1} ✲ G(Q) ✲ GG(Q)
p✲ G ✲ {1}
Γ
ιΓ
∪
✻
✛
j
.
The group Γ acts (via j) on Q by bundle isomorphisms, and the quotient P := Q/Γ
will be a principal K-bundle on the quotient manifold M .
Let now B be a connection on Q satisfying the following invariance condition:
(CG) Any element ϕ ∈ G has a lift in GG(Q) which leaves B invariant.
In this case we obtain a short exact sequence
{1} → GB(Q)→ GBG (Q)
pB
−−→ G→ {1},
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where GB(Q) (GBG (Q)) is the stabilizer of B in the gauge group G(Q) (respectively
in the group GG(Q)). If moreover we can find a lift j : Γ → G
B
G (Q) of ιΓ : Γ → G,
we will obtain the diagram
(2)
{1} ✲ GB(Q) ✲ GBG (Q)
pB✲ G ✲ {1}
Γ
ιΓ
∪
✻
✛
j
,
and the quotient bundle p : P = Q/Γ → N/Γ = M will comme with an induced
connection, which will be denoted by A. The triple (g, P
p
−→ M,A) will be called
the Γ-quotient of (h,Q
q
−→ N,B) associated with the lift j : Γ→ GBG (Q) of ιΓ.
Condition (CG) has an important gauge theoretical interpretation (see [BiTe]
for details): Let B(Q) := A(Q)/G(Q) be the moduli space of all connections on Q,
where A(Q) denotes the space of connections on Q. A connection B′ on a principal
K-bundle Q′ ≃ Q yields a well defined element [B′] ∈ B(Q) in the following way:
we chose a bundle isomorphism ψ : Q→ Q′, and we put [B] := G(Q) ·ψ∗(B′). This
gauge class will be independent of ψ. On the other hand, since G is connected, we
have ϕ∗(Q) ≃ Q for any ϕ ∈ G. Therefore, for any B ∈ A(Q) and any ϕ ∈ G, the
pull-back connection ϕ∗(B) ∈ A(ϕ∗(Q)) defines a gauge class ϕ∗[B] ∈ B(Q). In
other words, we obtain a well-defined action of G on the moduli space B(Q).
Remark 1. A connection B ∈ A(Q) satisfies condition (CG) if and only if the gauge
class [B] ∈ B(Q) is G-invariant.
Remark 2. If G acts transitively on N , then
• The pair (Q,B) is homogeneous with respect to the Lie group GBG (Q). This
Lie group is an extension of G by the compact group GB(Q) (which is
isomorphic with a closed subgroup of K).
• The quotient triple (g, P
p
−→ M,A) is locally homogeneous.
The goal of the article is to prove that, under certain (very general) conditions, all
locally homogeneous triples can be obtained in this way. More precisely, any locally
homogeneous triple on M can be obtained as the quotient of a homogeneous triple
on M˜ . In a future article, we will show that, using this result, one obtains an explicit
classification theorem for locally homogeneous triples with compact structure group
K on a given compact manifold M .
Theorem 4.1. Let M be a compact real analytic manifold, and (g, P
p
−→ M,A) be
a real analytic locally homogeneous triple on M , where P
p
−→ M is a K-principal
bundle with K compact. Let pi : M˜ → M be the universal cover of M , Γ be the
corresponding covering transformation group, g˜ := pi∗(g), q : Q := pi∗(P ) → M˜ ,
and B := pi∗(A). Then there exists
(1) A connected, closed subgroup G ⊂ Iso(M˜, g˜) acting transitively on M˜ which
leaves invariant the gauge class [B] ∈ B(Q),
(2) A lift j : Γ→ GBG (Q) of ιΓ : Γ→ G.
Remark 3. In the conditions and with notations of Theorem 4.1 the natural map
Q→ P induces an isomorphism between the Γ-quotient of the triple (g˜, Q
q
−→ M˜,B)
and (g, P
p
−→ M,A).
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Therefore, using the notations introduced above, we have:
Corollary 4.4. Let M be a compact real analytic manifold, and K be a compact
Lie group. Then any real analytic locally homogeneous triple (g, P
p
−→ M,A) with
structure group K on M can be identified with a Γ-quotient of the homogeneous
triple (g˜ = pi∗(g), Q := pi∗(P )
q
−→ M˜,B) on the universal cover M˜ .
Remark 4. An important difficulty in the proof of Theorem 4.1 is the closedness of
the stabilizer of a class [B] ∈ B(Q) in Iso(M˜, g˜). Indeed, since M˜ is not necessarily
compact, the classical gauge theoretical result on the Hausdorff property [DK, p.
130] of a moduli space B(Q) does not apply.
Remark 5. Corollary 4.4 shows that, in the condition of Theorem 4.1, the classifica-
tion of real analytic locally homogeneous triples on M reduces to the classification
of pairs (Q,B) on the universal cover M˜ , which are homogeneous with respect to
a Lie group G fitting into a short exact sequence
{1} → L→ G → G→ {1},
where G is connected group of isometries of (M˜, g˜) acting transitively on M˜ and
containing Γ, and L is a closed subgroup of K. The classification of such pairs
(Q,B) can be studied using [BiTe].
2. Extension of local parallel sections
2.1. The space of parallel sections. Let p : P →M be a real analytic principal
K-bundle over a real analytic manifold M . Let λ : K × F → F an analytic action
of K on an analytic manifold F , and let E := P ×λ F be the associated bundle
with fibre F . Let E
µ
−→ M be the projection map of the e´tale space of the sheaf
of (locally defined) analytic sections of the bundle pE : E → M . In other words,
a point of E is a germ [s]x where x ∈ X , and s ∈ Γ
an(U,E) is an analytic section
defined on an open neighbourhood U of x in M . Two pairs
(s : U → E, x), (s′ : U ′ → E, x′)
define the same germ (hence one has [s]x = [s
′]x) if x = x
′ and there exists U0 ⊂
U ∩ U ′ such that s U0 = s
′
U0 . The projection map µ is given by [s]x 7→ x. The
space E has a natural structure of a real analytic manifold, which is Hausdorff, but
does not have countable basis. The topology of E can be easily described as follows:
Any section s ∈ Γan(U,E) defines a section s˜ : U → E of E
µ
−→ M given by
s˜(x′) = [s : U → E, x′].
The sets of the form s˜(U) (where U is open in M and s ∈ Γan(U,E)) give a basis
for the topology of E . Note also that, for any open set U ⊂ M , the restriction
µ s˜(U) : s˜(U)→ U is a real analytic diffeomorphism.
Let now A be a real analytic connection on P , and let ΓA ⊂ TE be the associated
connection on the associated bundle E. Denote by EA ⊂ E the open submanifold
of E whose points are germs of ΓA-parallel sections, and by µA : EA → M the
restriction of µ to EA. With these notations we state
Theorem 2.1. Suppose that M is connected. If EA is non-empty, then the map
µA : EA →M is a covering map.
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Proof. We will prove that µA satisfies condition (1) in Lemma 2.2 below. Let
x0 ∈ M , and let h : U0 → B(0, r) ⊂ R
n be local chart of M around x0 such that
h(x0) = 0. We will show that µ
A maps diffeomorphically any connected compo-
nent of (µA)−1(U0) onto U0. Using Lemma 2.3 below, we obtain, for every point
σ = [s]x0 ∈ (µ
A)−1(x0) a Γ
A-parallel section sσ : U0 → A defining the germ σ. We
claim that the connected components of (µA)−1(U0) are precisely the sets s˜σ(U0),
which are obviously mapped diffeomorphically onto U0 via µ
A. We will first prove
that
Claim: The family (s˜σ(U0))σ∈(µA)−1(x0) is a partition of (µ
A)−1(U0).
Indeed, we obviously have s˜σ(U0) ⊂ (µ
A)−1(U0) for any σ ∈ (µ
A)−1(x0), hence
⋃
σ∈(µA)−1(x0)
s˜σ(U0) ⊂ (µ
A)−1(U0).
The opposite inclusion is obtained as follows: let ν ∈ (µA)−1(U0), therefore there
exists x ∈ U0 and a Γ
A-parallel section s defined around x such that ν = [s]x.
Note now that the pair (x, U0) also satisfies the assumption of Lemma 2.3, because
there obviously exists a chart hx : U0 → B(x, r) such that hx(x) = 0. Therefore
the germ ν = [s]x extends to a Γ
A-parallel section sν : U0 → E. Note that
[sν ]x0 ∈ (µ
A)−1(x0), and that the sections sν , s[sν ]x0 coincide, because they are
both parallel and their germ at x0 coincide. This proves that ν ∈ s˜[sν ]x0 (U0), which
proves the inclusion
(µA)−1(U0) ⊂
⋃
σ∈(µA)−1(x0)
s˜σ(U0).
In order to complete the proof of the claim, it remains to note that the sets s˜σ(U0)
are pairwise disjoint. This follows using unique continuation for parallel sections.
Note now that any set s˜σ(U0) is open in (µ
A)−1(U0). Using the claim we see that
any such set is also closed in (µA)−1(U0) (as complement of an open set). Since
any such set is obviously connected, the theorem follows by Lemma 2.2.
Lemma 2.2. Let M , N be differentiable manifolds, and f : N → M be a locally
diffeomorphic map satisfying the following properties:
(1) any point x0 ∈ M has an open neighborhood U0 such that, for any con-
nected component U˜0 of f
−1(U0), the map U˜0 → U0 induced by f is a
diffeomorphism,
(2) N is non-empty and M is connected.
Then f is a covering projection.
Usually in the definition of a covering projection, condition (1) and the surjec-
tivity of f are required. In our case, since N is non-empty and M is connected, the
first condition implies the surjectivity of f .
Lemma 2.3. Let x0 ∈M , let [s]x0 ∈ (µ
A)−1(x0), where s : U → E is Γ
A-parallel,
and let h : U0 → B(0, r) ⊂ R
n be an analytic local chart of M around x0 such that
h(x0) = 0. Then [s]x extends to a Γ
A-parallel section s0 ∈ Γ
an(U0, E), i.e. one has
e = [s0]x0 , for a Γ
A-parallel section s0 ∈ Γ
an(U0, E).
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Proof. Let s : U → E be a ΓA-parallel section defining the germ e, where U is
an open neighborhood of x0 in M . Let ε ∈ (0, r) be sufficiently small such that
Uε := h
−1(B(0, ε)) ⊂ U . We will construct a real analytic section s0 ∈ Γ
an(U0, E)
whose restriction to Uε coincides with s Uε . Using [KN, Lemma 2, p. 253] it follows
that s0 is Γ
A-parallel, which completes the proof.
The construction of s0 uses parallel transport along “radial” curves in U0. More
precisely, for any u ∈ U0 define the path γu : [0, 1]→ U0 by
γu(t) := h
−1(th(u)),
and note that γu is a path in U0 joining x0 to u. Put e0 := s(x0) ∈ Ex0 . For
any u ∈ U0 let γ˜u : [0, 1] → E be the Γ
A-horizontal lift of γu : [0, 1] → M with
initial condition γ˜u(0) = e0 (see section 5.1). Therefore, γ˜u(0) = e0, and for every
t ∈ [0, 1], one has
d
dt
γ˜u(t) ∈ Γ
A
γ˜u(t)
, pE ◦ γ˜u(t) = γu(t).
Using the analycity of the map (t, u) 7→ γ˜u(t), and a standard theorem on the
analycity of solutions of ordinary differential equations with respect to parameters,
we see that the map u 7→ s0(u) := γ˜u(1) is analytic. On the other hand one has
(pE ◦ s0)(u) = pE(γ˜u(1)) = γu(1) = u.
It remains to prove that s0 Uε = s Uε . For this, it suffices to note that for any
u ∈ Uε the paths s0 ◦ γu, s ◦ γu are both Γ
A-horizontal lifts of γu with the same
initial condition e0.
2.2. The extension theorem for local parallel sections. In this section we
prove an extension theorem for locally defined parallel sections in analytic associ-
ated bundles. This result can be obtained using analytic continuation along paths.
This method is used for instance in [KN] for the problem of extending affine map-
pings and isometric immersions. We will use a different method, which is base on
Theorem 2.1 proved in the previous section.
Theorem 2.4. Let p : P → M be a real analytic principal K-bundle over a real
analytic manifold M , λ : K ×F → F a real analytic action of K on a real analytic
manifold F , and E := P ×λ F the associated bundle with fibre F . Let A be an
analytic connection on P and ΓA ⊂ TE the associated connection on E.
If M is simply connected, then any ΓA-parallel section s : U → E defined on a
connected, non-empty open set U ⊂ M admits a unique ΓA-parallel extension on
M .
Proof. The ΓA-parallel section s defines a section s˜ ∈ Γ(U, EA). Let C ⊂ EA be
connected component of EA which contains the image s˜(U) of s˜. By Theorem
2.1 we know that µA : EA → M is a covering projection, hence the restriction
µA C : C →M of µ
A to C will also have this property.
But M is simply connected, hence this restriction will be an analytic diffeomor-
phism. The inverse map
(
µA C
)−1
: M → C ⊂ EA will define a parallel extension
of s.
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3. Extension of bundle isomorphisms
We will prove first an extension theorem for locally defined, id-covering bundle
isomorphisms intertwining two global connections:
Theorem 3.1. Let p : P → M , p′ : P ′ → M be real analytic principal K-bundles
over a real analytic manifold M , and A, A′ be analytic connections on P , P ′
respectively. Let U ⊂ M be a nonempty, connected open set, and Φ : PU → P
′
U be
an idU -covering analytic isomorphism such that Φ
∗(A′U ) = AU .
If M is simply connected, then Φ has a unique id-covering analytic extension
Φ˜ : P → P ′ such that Φ∗(A′) = A.
Proof. For a point x ∈M let I(P, P ′)x be the set of all isomorphisms ψ : Px → P
′
x
of right K-spaces. Fixing a pair (y, y′) ∈ Px × P
′
x, we obtain a diffeomorphism
I(P, P ′)x ≃ K. The union
I(P, P ′) :=
⋃
x∈M
I(P, P ′)x
has a natural manifold structure, and the obvious projection I(P, P ′) → M is a
locally trivial fibre bundle over M with fiber K. More precisely one can identify
I(P, P ′) (as a bundle over M) with the associated bundle
(P ×M P
′)×τ K,
where P ×M P
′ is regarded as a principal (K ×K)-bundle over M , and
τ : (K ×K)×K → K
is the action of K ×K on K defined by
τ((k1, k2), k) := k2kk
−1
1 .
The pair of connections (A,A′) defines a connection A×A′ on the product principal
bundle P ×M P
′. For a pair (y, y′) ∈ P ×M P
′ the horizontal space (A × A′)(y,y′)
is just
{(v, v′) ∈ Ay ×A
′
y′ | p∗(v) = p
′
∗(v
′)}.
The data of an idU -covering morphism Φ : PU → P
′
U is equivalent to the data of
a section sΦ ∈ Γ(U, I(P, P ′)) (see Proposition 5.4 in the Appendix). Moreover, by
the same proposition, one can prove that Φ∗(A′) = A if and only if the section sΦ
is ΓA×A
′
-parallel. With this remark the theorem follows from Theorem 2.4.
We can treat now the general case of a locally defined bundle morphism covering
a globally defined map between the base manifolds:
Theorem 3.2. Let p : P →M , p′ : P ′ →M ′ be real analytic principal K-bundles,
and A, A′ be analytic connections on P , P ′ respectively. Let ϕ :M →M ′ be a real
analytic map, U ⊂ M be a non-empty, connected open set, and Φ : PU → P
′ be a
ϕ-covering analytic morphism such that Φ∗(A′) = AU .
If M is simply connected, then Φ has a unique ϕ-covering analytic extension
Φ˜ : P → P ′ for which Φ∗(A′) = A.
Proof. By Remark 7 in section 5.2, the data of a ϕ-covering analytic bundle mor-
phism φ : PU → P
′ for which Φ∗(A′) = AU is equivalent to the data of an idU -
covering analytic bundle isomorphism Φ0 : PU → ϕ
∗(P ′)U for which Φ
∗
0((ϕ
∗A′)U ) =
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AU . Here we denoted by ϕ
∗(P ′) the bundle on M obtained as the pull-back of P ′
via ϕ :M →M ′. In other words one has
ϕ∗(P ′) :=M ×M ′ P
′
regarded as a principal K-bundle on M via the projection on the first factor. Sim-
ilarly ϕ∗(A′) stands for the pull-back connection of A′ via ϕ. The connection form
of this pull-back connection is the pull-back of the connection form of A′ via the
second projection M ×(ϕ,p′) P
′ → P ′.
By Theorem 3.1 it follows that there exists an idM -covering analytic bundle
isomorphism Φ˜0 : P → ϕ
∗(P ′), which extends Φ0 such that
(Φ˜0)
∗(ϕ∗(A′)) = A.
But the data of such an isomorphism is equivalent to the data of a ϕ-covering
analytic bundle morphism Φ : P → P ′ such that Φ∗(A′) = A.
4. Locally homogeneous triples on compact manifolds
Using our results we can prove now the theorem stated in the introduction:
Theorem 4.1. Let M be a compact real analytic manifold, and (g, P
p
−→ M,A) be
a real analytic locally homogeneous triple on M , where P
p
−→ M is a K-principal
bundle with K compact. Let pi : M˜ → M be the universal cover of M , Γ be the
corresponding covering transformation group, g˜ := pi∗(g), q : Q := pi∗(P ) → M˜ ,
and B := pi∗(A). Then there exists
(1) A connected, closed subgroup G ⊂ Iso(M˜, g˜) acting transitively on M˜ which
leaves invariant the gauge class [B] ∈ B(Q),
(2) A lift j : Γ→ GBG (Q) of ιΓ : Γ→ G.
Proof. Let H ⊂ Iso(M˜, g˜) be the subgroup defined by
H :=
{
ψ ∈ Iso(M˜, g˜)| ∃Ψ : Q→ Q ψ-covering bundle isom., Ψ∗(B) = B
}
.
Using the fact that K is compact, it follows by Lemma 4.2 below, that H is a
closed subgroup of the Lie group Iso(M˜, g˜). Note that Lemma 4.2 applies because
the action of the Lie group Iso(M˜, g˜) on M˜ is smooth.
Step 1. H acts transitively on M˜ .
We have to show that for any two points x˜, x˜′ ∈ M˜ there exists ψ ∈ H such
that ψ(x˜) = x˜′. Put x := pi(x˜), x′ := pi(x˜′). Since (g, P
p
−→ M,A) is locally
homogeneous, there exists open neighbourhoods U , U ′ of x and x′, an isometry ϕ :
U → U ′ with ϕ(x) = x′, and a ϕ-covering bundle isomorphism Φ : PU → PU ′ such
that Φ∗(AU ′ ) = AU . We can assume of course that U and U
′ are simply connected.
Let U˜ (U˜ ′) be the connected component of pi−1(U) (respectively pi−1(U ′)) which
contains x˜ (respectively x˜′). The map pi induces diffeomorphisms U˜ ≃ U , U˜ ′ ≃
U ′, and pi-covering bundle isomorphisms QU˜ ≃ PU , QU˜ ′ ≃ PU ′ . Using these
identifications we obtain:
(1) an isometry ϕ˜ : U˜ → U˜ ′ with ϕ˜(x˜) = x˜′,
(2) a ϕ˜-covering bundle isomorphism Φ˜ : QU˜ → QU˜ ′ with the property
Φ˜∗(BU˜ ′) = BU˜ .
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Since M˜ is simply connected and complete, we obtain a global isometry ψ : M˜ →
M˜ extending ϕ˜ (see [Si], [KN, Theorem 6.3]). Applying Theorem 3.2 we obtain a
ψ-covering bundle isomorphism Ψ : Q → Q such that Ψ∗(B) = B. Therefore one
has ψ ∈ H . Since ψ(x˜) = x˜′, Step 1 is completed.
Step 2. Put G := H0 (the connected component of idM˜ in H). We claim that
G still acts transitively on M˜ .
For every class ξ ∈ H/G, choose a representative ψξ ∈ ξ. In other words one has
ξ = Gψξ ∀ξ ∈ H/G,
hence H =
⋃
ξ∈H/GGψξ. Fix x˜0 ∈ M˜ . Since H acts transitively on M˜ , we have
M˜ = Hx˜0. Therefore
(3) M˜ =
⋃
ξ∈H/G
Gψξ(x˜0).
But G is a closed subgroup of Iso(M˜, g˜), hence its action on M˜ is proper [Ra,
Theorem 4]. Therefore the G-orbits are embedded closed submanifolds of M˜ . If
(by reductio ad absurdum) the G-action on M˜ were not transitive, all these orbits
would be submanifolds of dimension strictly smaller than dim(M˜). But the quotient
set H/G is at most countable, hence formula (3) would lead to a contradiction.
Using the notation introduced in Definition 5.2 (section 5.2 in the Appendix) we
state:
Lemma 4.2. Let M be a differentiable manifold, K be a compact Lie group, p :
P → M , p′ : P ′ → M be principal K-bundles on M , and A ∈ A(P ), A′ ∈ A(P ′)
be connections on P , P ′ respectively. Let α : L × M → M be a smooth action
of a Lie group L on M . For l ∈ L denote by ϕl : M → M the corresponding
diffeomorphism. The subspace
LAA′ := {l ∈ L| ∃Φ ∈ Homϕl(P, P
′) such that Φ∗(A′) = A}
is closed in L. In the special case P = P ′, A = A′, the obtained subset LAA is a
Lie subgroup of L.
Proof. Let (ln)n∈N be sequence in LAA′ converging to an element l∞ ∈ L. We will
prove that l∞ ∈ LAA′ .
Let V ⊂ TeL be a sufficiently small convex neighbourhood of 0 in the tangent
space l = TeL of L at its unit element e, such that the exponential map exp : TeL→
L induces a diffeomorphism E : V → U . The map η : [0, 1]× U → U defined by
η(t, l) = E(tE−1(l)))
is a smooth homotopy joining the constant map e on U to the identity map idU .
Moreover one has
(4) lim
l→e
η(t, l) = e
uniformly on [0, 1]. For any l ∈ U and x ∈M we obtain a smooth path γlx : [0, 1]→
M given by
γlx(t) = ϕη(t,l)(x)
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which joins x to ϕl(x). For l ∈ U denote by γ
l : [0, 1] × M → M the map
(t, x) 7→ γlx(t). Denoting by pM : [0, 1]×M → M the projection on the M -factor,
and using (4) we get
(5) lim
l→e
γl = pM
in the weak topology C∞w ([0, 1]×M,M).
Fix any connection B′ on P ′. For any l ∈ U we get a ϕl-covering automorphism
Ψl ∈ Homϕl(P
′, P ′) defined by
Ψl(y
′) = {γ˜lp′(y′)}
B′
y′
where {γ˜lp′(y′)}
B′
y′ is the B
′-horizontal lift of γlp′(y′) with initial {γ˜
l
p′(y′)}
B′
y′ (0) = y
′.
Using (5) we get
(6) lim
l→e
Ψl = idP ′
in the weak topology C∞w (P
′, P ′). Put
λn := l∞l
−1
n .
Since limn→∞ ln = l∞ we may suppose that λn ∈ U for any n. Let Φn ∈
Homϕln (P, P
′) such that Φ∗n(A
′) = A, and note that
Σn := Ψλn ◦Φn
is a ϕl∞ -covering bundle morphism with the property
(Σn)∗(A) = (Ψλn)∗(A
′).
Using (6) and limn→∞ λn = e, we obtain
lim
n→∞
(Σn)∗(A) = A
′
in the Fre´chet affine space A(P ′). The claim follows now from Lemma 4.3 below.
Lemma 4.3. Let K be a compact Lie group, p : P → M , p′ : P ′ → M ′ be
principal K-bundles on M and M ′, and A ∈ A(P ), A′ ∈ A(P ′) be connections on
P , P ′ respectively. Let ϕ : M → M ′ be a smooth map and (Φn)n be a sequence
in Homϕ(P, P
′) such that limn→∞Φ
∗
n(A
′) = A. Then there exists a subsequence
(Φnk)k of (Φn)n which converges (in the weak C
∞-topology) to a morphism Φ∞ ∈
Homϕ(P, P
′) satisfying Φ∗∞(A
′) = A.
Proof. It suffices to prove the claim in the special case whenM ′ =M , ϕ = idM . In-
deed, using Remark 7 (see section 5.2) we obtain morphisms Φ0n ∈ HomidM (P, ϕ
∗(P ′))
such that
lim
n→∞
(Φ0n)
∗(ϕ∗(A′)) = A
Since the bijection given by Remark 7 is a homeomorphism with respect to the
weak C∞-topology it suffices to prove the claim for the sequence of idM -covering
morphisms (Φ0n)n.
From now we suppose that M ′ = M , ϕ = idM , Φn ∈ HomidM (P, P
′). We will
use ideas form gauge theory [DK, section 2.3.7]. Note that
Fn := Φ
−1
1 ◦ Φn ∈ HomidM (P, P ) = G(P ) = Γ(P ×ι K),
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where G(P ) is the gauge group of P and ι : K → Aut(K) is the interior mor-
phism defined by ι(k)(u) = kuk−1. Therefore we have a sequence (Fn)n of gauge
transformations of P with the property
(7) lim
n→∞
(Fn)∗(A) = Φ
∗
1(A
′) =: A1.
Fix an embedding ρ : K → O(N), and let E := P×ρR
N be the Euclidian associated
bundle. Any gauge transformation F ∈ G(P ) can be identified with a section in
the endomorphism bundle End(E), and via this identification one has
F∗(A) = A− (∇
AF )F−1,
where ∇A is the linear connection induced by A on End(E). Therefore, putting
Bn := (Fn)∗(A), we get
(8) ∇AFn = (A−Bn)Fn
where, by (7),
(9) lim
n→∞
Bn = A1
in the Fre´chet C∞-topology of the affine space A(P ). Since K is compact, Fn is
uniformly bounded on M . On the other hand by (9) the sequence (A − Bn)n is
bounded in the Fre´chet space Γ(Λ1M ⊗ ad(P )) ⊂ Γ(Λ
1
M ⊗ End(E)). Using (8) and
a standard bootstrapping procedure we see that all partial derivatives of Fn (with
respect to local coordinates in M and trivializations of P ) are uniformly bounded
on any compact subset ofM . Using a well-known combination of the Arzela-Ascoli
theorem and the diagonal argument we obtain a subsequence (Fnk)k of (Fn) which
converges in Γ(End(E)) (with respect to its Fre´chet C∞-topology) to a section
F∞ ∈ Γ(End(E)). Since ρ(K) is closed in gl(N,R), it follows that G(P ) is closed
in Γ(End(E)), hence F∞ ∈ G(P ). Replacing n by nk and taking k →∞ in (8) we
get ∇AF∞ = (A− A1)F∞, i.e. A1 = (F∞)∗(A). It suffices to put Φnk = Φ1 ◦ Fnk ,
Φ∞ := Φ1 ◦ F∞.
As explained in section 1.2, using Theorem 4.1 shows that:
Corollary 4.4. Let M be a compact real analytic manifold, and K be a compact
Lie group. Then any real analytic locally homogeneous triple (g, P
p
−→ M,A) with
structure group K on M can be identified with a Γ-quotient of the homogeneous
triple (g˜ = pi∗(g), Q := pi∗(P )
q
−→ M˜,B) on the universal cover M˜ .
5. Appendix
5.1. Parallel transport in associated bundles. Let M be a differentiable n-
manifold, K be a Lie group, and p : P → M be a principal K-bundle on M ,
endowed with a connection A. Let α : [t0, t1] → M be a smooth curve in M . By
a well known, fundamental theorem in Differential Geometry it follows that any
point u0 ∈ Pα(t0) := p
−1(α(t0)) there is a unique horizontal lift αu0 : [t0, t1] → P
such that αu0(t0) = u0 [KN, Proposition 3.1].
We also have an existence and unicity horizontal lift theorem for associated
bundles. More precisely, let p : P → M be a principal K-bundle endowed with a
connection A, λ : K ×F → F be a smooth action of K on a differentiable manifold
F , and let E := P ×λ F be the associated bundle with fibre F . The connection A
is a horizontal rank n-distribution on P , which defines in the obvious way a rank
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n-distribution on P × F , whose projection on E = (P × F )/K is a well defined
horizontal rank n-distribution on E. This distribution will be called the connection
on E induced by A, and will be denoted by ΓA. With this definitions we have:
Proposition 5.1. Let p : P → M be a principal K-bundle endowed with a con-
nection A, λ : K × F → F be a smooth action of K on a manifold F , and let
E := P ×λ F be the associated bundle with fibre F . Let α : [t0, t1] → M be a
smooth curve in M . For any point e0 ∈ Eα(t0) there is a unique Γ
A-horizontal lift
αe0 : [t0, t1]→ E such that αe0(t0) = e0.
A proof of this results is sketched in [KN, p. 88]. In this section we give a
detailed proof for completeness.
Proof. The Lie group K acts freely on P × F from the right by
((u, y), k) 7→ (uk, k−1y).
By definition the associated bundle E := P×λF is the quotient manifold (P×F )/K,
and the projection q : P×F → E is principalK-bundle, which comes with a natural
connection B given by
B(u,y) := Au × TyF ∀(u, y) ∈ P × F.
The bundle projection map p : P → M induces a locally trivial submersion pE :
E →M , such that the following diagram is commutative:
P × F
q✲ E
P
p1
❄ p✲ M .
pE
❄
In other words the quotient map q : P×F → E is fiber preserving map overM . For
a pair (u, y) ∈ P ×F put [u, y] := q(u, y). With this notation the map pE : E →M
is given by pE([u, y]) := p(u). By the definition of Γ
A, for a point e := [u, y] ∈ E
we have
ΓAe := q∗(u,y)(Au × {0y})
where {0y} is the zero subspace of TyF . Put x0 := α(t0), and let e0 = [u0, y0] be a
point in the fiber Ex0 . It follows u0 ∈ p
−1(x0).
By the classical horizontal lift theorem [KN, Proposition 3.1], there exists a A-
horizontal lift αu0 : [t0, t1] → P . Therefore for every t ∈ [t0, t1] we have α
′
u0(t) ∈
Aαu0 (t). It suffices to note that the curve αe0 : [t0, t1]→ E defined by
αe0(t) := [αu0(t), y0]
is a ΓA-horizontal lift of α satisfying the initial condition αe0(t0) = e0.
To prove unicity, let β : [t0, t1]→ E be a Γ
A-horizontal lift of α with β(t0) = e0,
and let
β(u0,y0) = (β
P
(u0,y0)
, βF(u0,y0)) : [t0, t1]→ P × F
be a B-horizontal lift of β satisfying the initial condition β(u0,y0)(t0) = (u0, y0).
Since β(u0,y0) is a B-horizontal curve, it follows that
(10) β′(u0,y0)(t) ∈ Bβ(u0,y0)(t) ∀t ∈ [t0, t1],
and, since β(u0,y0)(t0) = (u0, y0) is a lift of a Γ
A-horizontal curve, it follows that
(11) β′(u0,y0)(t) ∈
{
(q∗)
−1(ΓA)
}
β(u0,y0)(t)
∀t ∈ [t0, t1].
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But it is easy to show that the intersection B ∩ (q∗)
−1(ΓA) of the distributions B,
(q∗)
−1(ΓA) ⊂ TP×F coincides with the distribution A˜ ⊂ TP×F given by
A˜(u,y) := Au × {0y}.
Therefore, by (10), (11) it follows that βP(u0,y0) is A-horizontal, and β
F
(u0,y0)
is con-
stant. Using the unicity part of [KN, Proposition 3.1], we obtain βP(u0,y0) = αu0 ,
hence β(u0,y0)(t) = (αu0(t), y0), hence β(u0,y0) = αe0 .
Remark 6. A similar theorem holds for general fiber bundles endowed with a con-
nection, but one has to assume that the fiber is compact [Mo].
5.2. Pull back bundles and pull back connections. LetM andM ′ be smooth
manifolds, K a Lie group, and ϕ : M → M ′ be a smooth map. Let p′ : P ′ → M ′
be a principal K-bundle on M ′. Recall that the pull-back bundle ϕ∗(P ′) is defined
by
ϕ∗(P ′) :=M ×M ′ P
′ = (ϕ× p′)−1(∆M ′ ),
where ϕ× p′ :M ×P ′ →M ′×M ′ denotes the product map, and ∆M ′ ⊂M
′×M ′
is the diagonal submanifold. One can check that ϕ×p′ is transversal to ∆M ′ , hence
M ×M ′ P
′ is a submanifold of M × P ′, whose tangent space at a point (x, y′) is
T(x,y′)(M ×M ′ P
′) = {(u,w) ∈ TM × TP ′ | ϕ∗(u) = p
′
∗(w)}.
Note that set theoretically one has
ϕ∗(P ′) =
⊔
x∈M
P ′ϕ(x).
The projections p1 : ϕ
∗(P ′) → M ′, p2 : ϕ
∗(P ′) → P ′ fit in the commutative
diagram
ϕ∗(P ′)
p2✲ P ′
M
p1
❄ ϕ✲ M ′
p′
❄
in which p1 is a K-principal bundle on M with respect to the right K-action in-
duced from P ′.
Let A′ be a connection on P ′ and ωA
′
∈ A1(P, k) its connection form. By
definition the pull-back connection ϕ∗(A′) is the connection on ϕ∗(P ′) defined by
the connection form p∗2(ω
A′). With this definition we have for any pair (x, y′) ∈
ϕ∗(P ′):
ϕ∗(A′)(x,y′) = {(u,w) ∈ TxM × Ty′(P )| ϕ∗x(u) = p
′
∗y′(w), w ∈ A
′
y′}
= {(u,w) ∈ TxM ×A
′
y′ | ϕ∗x(u) = p
′
∗y′(w)}.
Definition 5.2. Let M , M ′ be smooth manifolds, K a Lie group, and ϕ :M →M ′
be a smooth map. Let P
p
−→ M , P ′
p′
−−→ M ′ be principal K-bundles on M , M ′
respectively. We denote by Homϕ(P, P
′) the set of ϕ-covering bundle morphisms
P → P ′ which are compatible with the group morphism idK [KN, section I.5].
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For a ϕ-covering bundle morphism Φ ∈ Homϕ(P, P
′) and a connection A′ on
P ′ one defines the pull-back connection Φ∗(A′) using the connection form Φ∗(ωA
′
)
[KN, Proposition 6.2].
Remark 7. With the notations above the following holds:
(1) The map Homϕ(P, P
′)→ HomidM (P, ϕ
∗(P ′)) given by Φ 7→ Φ0, where
Φ0(y) := (p(y),Φ(y))
is bijective.
(2) For any connection A′ on P ′ and bundle morphism Φ ∈ Homϕ(P, P
′) one
has
Φ∗(A′) = Φ∗0(ϕ
∗(A′)).
5.3. Bundle isomorphisms compatible with a pair of connections. Let P ,
P ′ be K-principal bundles over a manifold M , and let (A,A′) ∈ A(P ) × A(P ′)
be a pair of connections. The goal of this section is the proof of Proposition 5.4,
which shows that the data of an id-covering bundle morphism Φ : P → P ′ with
the property Φ∗(A′) = A is equivalent to the data of an (A,A′)-parallel section
in a bundle I(P, P ′) associated with the fibre product P ×M P
′ and the action
τ : (K × K) ×K → K given by ((k1, k2), k) 7→ k2kk
−1
1 (see section 3). The first
part of the following proposition is well-known. The second part can be checked
easily.
Proposition 5.3. Let p : P → M be a principal K-bundle, α : K × F → F be a
smooth left action of K on a manifold F , and E := P ×K F be the associated fiber
bundle with fiber F . Denote by CK(P, F ) the space of smooth K-equivariant maps
P → F :
CK(P, F ) := {σ : P → F | σ(y.k) = k−1.σ(y)| ∀y ∈ P, ∀k ∈ K}.
Then
(1) The map F : CK(P, F )→ Γ(M,E) given by
σ 7→ sσ, sσ(x) := [y, σ(y)], where y ∈ Px,
is bijective.
(2) Let σ ∈ CK(P, F ), A be a connection on P , and ΓA be the induced connec-
tion on E. The following conditions are equivalent:
(i) The section sσ is Γ
A-parallel.
(ii) The restriction of σ∗y to the horizontal distribution of A vanishes.
Proof. (1) This result is well known. We mention only that the inverse of F is the
map s 7→ σs where, for a section s ∈ Γ(E), the equivariant map σs is defined by
the identity
(12) s(p(y)) = [y, σs(y)], ∀y ∈ P.
(2) Let q : P × F → E be the quotient map. By (12) we know that
(13) sσ(x) = [y, σ(y)] = q(y, σ(y)).
Let v ∈ TxM , y ∈ p
−1(x), and let w be a lift of v in TyP . Using (13) we obtain
easily:
(14) s∗x(v) = q∗(y,σ(y))(w, σ∗y(w)).
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Recall that, by the definition of ΓA, we have q∗(y,σ(y))(Ay×{0}) = Γ
A
s(x). Therefore,
if σ∗ A = 0, then, choosing w to be the horizontal lift of v at y, we get s∗x(v) ∈ Γ
A
s(x).
Conversely, supposing that for every v ∈ TxM we have s∗x(v) ∈ Γ
A
s(x), we show that
σ∗ A = 0. Let y ∈ P , w ∈ Ay, and v = p∗(w). Using again (13) we see that
s∗(v) = q∗(w, σ∗(w)) ∈ q∗(Ay × {0}).
Therefore, there exists u ∈ Ay such that
(w − u, σ∗(w)) ∈ ker(q∗(y,σ(y))).
The projection on the first factor induces an isomorphism ker(q∗(y,σ(y))) → Vy,
where Vy ⊂ TyP denotes the vertical tangent space at y. Taking into account that
w − u ∈ Ay, we get w − u = 0, and σ∗(w) = 0.
Proposition 5.4. Let p : P → M , p′ : P ′ → M be K-principal bundles over M ,
and let I(P, P ′) be the associated bundle (P ×M P
′) ×τ K. There exist a natu-
ral bijection S : Homid(P, P
′) → Γ(M, I(P, P ′)) between the space of id-covering
K-bundle isomorphisms and the space of sections Γ(M, I(P, P ′)) with the follow-
ing property: For any pair of connections (A,A′) ∈ A(P ) × A(P ′) the following
conditions are equivalent:
(i) Φ∗(A′) = A.
(ii) S(Φ) is ΓA×A
′
-parallel.
Proof. By Proposition 5.3 the space of sections Γ(M, I(P, P ′)) is naturally identified
with the space CK×K(P ×M P
′,K) of (K ×K)-equivariant maps P ×M P
′ → K.
Using this identification we will define a natural bijection
S : Homid(P, P
′)→ CK×K(P ×M P
′,K).
Let Φ ∈ Homid(P, P
′), and (y, y′) ∈ P ×M P
′. Since Φ(y) and y′ are in the same
fiber, there exists a unique element σΦ(y, y′) ∈ K such that Φ(y) = y′.σΦ(y, y′). It
is easy to see that the map P ×M P
′ ∋ (y, y′) 7→ σΦ(y, y′) is (K ×K)-equivariant,
hence it gives an element σΦ ∈ CK×K(P ×M P
′,K). Therefore, by definition, we
get the identity
(15) Φ(y) = y′.σΦ(y, y′).
Conversely, for an element σ ∈ CK×K(P×MP
′,K), it is easy to check that the right
hand side of (15) depends only on y and defines an id-covering bundle morphism
P → P ′. Our bijection S is Φ 7→ σΦ.
We prove now that, for any pair (A,A′) ∈ A(P )×A(P ′), the conditions (i), (ii)
are equivalent.
(2) Let Φ ∈ Homid(P, P
′). Let λ : P ′ ×K → P ′ be the right action of K on P ′.
For a pair (y′, k) ∈ P ′×K denote by λy′ : K → P
′, λk : P
′ → P ′ the corresponding
maps obtained from λ by fixing an argument. Using (15) we obtain for a pair
(w,w′) ∈ T (P ×M P
′)
(16) Φ∗y(w) = (λy′)∗σ
Φ
∗ (w,w
′) + (λσΦ(y,y′))∗(w
′).
Let H ⊂ TP×MP ′ be the (A,A
′)-horizontal distribution. Recall that one has
H(y,y′) = Ay ×TxM A
′
y. Suppose that σ
Φ
∗ H = 0, let w ∈ Ay and let w
′ be the
16 ARASH BAZDAR
A′-horizontal lift of p∗(w). Using (16) we obtain
Φ∗y(w) = (λσΦ(y,y′))∗(w
′) ∈ A′y′.σΦ(y,y′) = A
′
Φ(y)
Therefore Φ∗y(Ay) = A
′
y′ . Since this holds for any (y, y
′) ∈ P ×M P
′ we get
Φ∗(A′) = A, as claimed. Conversely, suppose Φ∗(A′) = A. Then for any (w,w′) ∈
H(y,y′) we have
(λy′)∗σ
Φ
∗ (w,w
′) = −(λσΦ(y,y′))∗(w
′) + Φ∗y(w) ∈ A
′
Φ(y),
where the left hand side is vertical, and the right hand side is A′-horizontal. This
implies (λy′)∗σ
Φ
∗ (w,w
′) = 0, hence σΦ∗ (w,w
′) = 0.
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